Abstract-Catheter-based intervention plays an important role in minimally invasive surgery. For the closed-loop control of catheter robot through contacts, the loss of contact sensing along the entire catheter might result in task failure. To deal with this problem, we propose a decoupled motion control strategy which allows to control insertion and bending independently. We model the catheter robot and the contacts using the Finite Element Method. Then, we combine the simulated system and the real system for the closed-loop motion control. The control inputs are computed by solving a quadratic programming (QP) problem with a linear complementarity problem. A simplified method is proposed to solve this optimization problem by converting it into a standard QP problem. Using the proposed strategy, not only the control inputs but also the contact forces along the entire catheter can be computed without using force sensors. Finally, we validate the proposed methods using both simulation and experiments on a cable-driven continuum catheter robot for the real-time motion control through contacts.
I. INTRODUCTION

R
OBOTIC catheter systems eliminate radiation exposure to surgeons by allowing to be operated remotely. In the past decade, both manual and automatic steerable systems have been designed to increase the safety and the procedural effectiveness. However, the precise steering using a more accurate, safer, and more reliable approach still remains to be one of the main challenges for catheter insertion.
Unlike rigid robots, catheter robots are soft with infinite degrees of freedom so that the accurate modeling of catheter robots is difficult, especially in a constrained environment. In the literature, several methods have been proposed to model catheter robots. One approach employs the pseudo-rigid-body (PRB) model which consists of a set of rigid links connected with rotation joints [1] , [2] . In order to capture more accurate deformation, Cosserat rod theory is used to model the 3-D static deflection of catheters [3] , [4] . Another method is proposed to model the catheter with the assumption of constant curvature [5] . Catheters can also be modeled as multiple beams and simulated using Finite Element Method (FEM) [6] . FEM is an effective strategy to simulate the 3D deformation of structures with external forces. Using the real-time FEM technology, computational cost is dramatically reduced (The model can be updated at 30 to 50 Hz.) for the interactive simulation.
Catheter robots can be controlled using a model based on the assumption of constant curvature [7] . Most position controllers are designed based on the inverse kinematic model so that the computation of inverse Jacobian matrix is indispensable. Jacobian matrix can be computed based on either the analytical model [7] , [8] or the numerical model [9] , [10] . These methods are proposed for the position control of catheters or soft robots without considering the interaction with the environment. The loss of contact information might result in imprecise steering and even the failure of the task because of the unsensed Jacobian matrix rotation [11] . The position of catheter tip can also be controlled by the model-less [12] (Jacobian matrix is estimated empirically using the input and output data) or the model-free [13] control strategies. Although they are robust to the environment, contact forces along the entire robot are difficult to be captured.
The available force feedback during catheter insertion is an important strategy to avoid damaging the blood vessel by applying excessive force. The contact forces that the catheter tip applies on the blood vessel can be measured by an embedded force sensor [14] , [15] or by an indirect force measurements [16] - [18] (like the image-based force sensing). However, none of the available strategies is capable of providing the cathetertissue interaction forces along the entire catheter. There is, therefore, a need to report sufficient information of contact forces to the surgeon by visual or haptic feedback to increase the safety of catheter insertion. Given the known environment and catheter model, the location of contact forces is detected by collision detection algorithm and the intensity along the entire catheter can be computed by the FEM [6] . This strategy is widely used for medical simulation where the contact is modeled based on the Signorini's law [19] , [20] .
To achieve the closed-loop control, the catheter robot and the contacts are simulated in a real-time simulator and are combined with the real system. The simulated system provides the Jacobian matrix and detects the collision between the robot and its environment. The contact is usually modeled as a linear complementarity problem (LCP). Then, the motion control with contacts can be converted as a quadratic programming (QP) problem with a LCP. Treating the contact forces as optimization variables is employed for both the rigid robot [21] and the soft manipulator [22] . The computation of the QP problem with LCP is difficult and it is necessary to explore a simpler strategy to solve this optimization problem.
This work aims to provide a possible strategy to increase the safety of catheter robots by independent control of insertion and bending as well as visualization of contracts forces along the catheter. Three main contributions are shown in this letter: (1) A closed-loop decoupled control strategy is proposed for catheter robot. It allows the surgeon to remain in direct control of the catheter insertion; (2) The contact forces are computed along the entire robot by solving a QP problem with LCP; (3) We proposed a simplified strategy to solve the problem of QP with LCP where the LCP holds strictly for a reachable trajectory.
This letter is organized as follows. Section II introduces the approach of quasi-static modeling of catheter robots with contacts based on real-time FEM. The problem statement and the overview of the proposed strategy is shown in Section III. The closed-loop decoupled control is proposed in Section IV where the bending and insertion are decoupled. The simulation-based validation and experiments are presented in Section V. Finally, conclusion and future work are shown in Section VI.
II. QUASI-STATIC MODELING OF CATHETER ROBOTS WITH CONTACTS BASED ON REAL-TIME FEM
The quasi-static equilibrium equation of catheter robots is deduced based on the real-time FEM without considering the dynamic feature (like the inertia force).
where x ∈ R n (n is the total degrees of freedom of all nodes) is the position vector of all nodes and is updated according to the configuration of the catheter robots at each sampling step. λ a ∈ R a (a is the number of actuators) and λ c ∈ R c (c is the number of contact points) are the constraint force of actuators and contacts, respectively. The directions of the forces on the nodes exerted by actuators and contacts are provided by H T a ∈ R n ×a and H T c ∈ R n ×c . Therefore, H T a λ a and H T c λ c represent respectively the contributions of the actuators and the contacts to the position of FEM nodes. f ext ∈ R n represents the external loads (like the gravity) and F(x) ∈ R n gathers the internal stiffness forces.
The internal stiffness forces F(x) can be expressed by its first-order Taylor expansion:
where K(x) ∈ R n ×n is the tangent stiffness matrix which is highly sparse and depends on the actual position of the nodes x. dx is the displacement vector of FEM nodes between consecutive configurations.
Substituting (2) into (1), the linearization of (1) per simulation step can be obtained:
We define δ e ∈ R 3e (e is the number of effectors), δ a ∈ R a and δ c ∈ R c as respectively the positions of effectors (the tip of the catheter robot), the displacement of actuators (the change of cables' length), and the interpenetration gap of contacts.
Based on the Signorini's law, for every contact point, there is a complementarity relation between the interpenetration gap δ c and the contact force λ c among the normal direction. The complementarity relation can be written as [19] :
The complementarity condition (4) can also be formulated as δ c ≥ 0, λ c ≥ 0 and δ T c λ c = 0. The contact positions can be detected using a collision detection algorithm. Then, the contact forces are computed by solving (4) .
The computation of (3) consists of two steps [23] : (1) the computation of a free configuration x f ree considering that there is no actuation and no contact; (2) the computation of λ a and λ c by solving an optimization problem.
Based on (3), the optimization in the motion space is timeconsuming because the size of matrix K is usually very large. By projecting the equilibrium equation (3) into the constraint space, 1 the dimension of the matrices can be dramatically reduced so that the control inputs can be computed in real-time [23] . The projected equations can be written as:
where W i = W ia (x) W ic (x) with i standing for the subscripts e (effector), a (actuator) and c (contact), respectively. W e ∈ R e×(a+c) , W a ∈ R a×(a+c) and W c ∈ R c×(a+c) are compliance matrices which show the mechanical coupling between the effectors, actuators and contacts. The method to compute the compliance matrices is introduced in [23] . The external forces applied on the FEM can be written as λ = λ a λ c T ∈
At the next step, the configurations of both the catheter robot and the contacts are updated by
Remark 1: Compliance matrices W e and W c depend on the configuration of catheter robot so that they change at each iteration and can not be pre-computed. If the actuators and contacts act on different FEM nodes or with different directions, the matrices W e has a full row rank (e ≤ (a + c)) or a full column rank (e ≥ (a + c)), and W c has a full row rank. 
III. PROBLEM STATEMENT AND OVERVIEW OF PROPOSED CONTROL STRATEGY
In this section, we first introduce the problems for the control design without considering the contacts. Then, we give an overview of the decoupled motion control strategy for a cableactuated catheter robot through contacts.
A. Problems for Control Design Without Considering Contact
As shown in Fig. 1 which is first introduced in [11] , there are two canonical problems (artificial singularity and inverted mapping) for the cable-driven continuum robot if contacts exist on the robot but are not considered for the closed-loop control design. In the worst case, unsensed contacts would result in a positive-feedback loop. Both the artificial singularity and the inverted mapping are generated by the coupling between the insertion and bending. Therefore, to avoid the two canonical problems (shown in Fig. 1 ), we propose a decoupled control strategy by decoupling the insertion and the bending. Besides, the decoupled implementation of insertion and bending provides a possible solution to increase the safety for catheter insertion and to allows the surgeon to remain in direct control of the catheter insertion.
B. Decoupled Closed-Loop Bending Control
The proposed closed-loop strategy (see Fig. 2 ) needs to combine both the catheter robot and its FE model which is simulated in real-time. The FE model is employed to compute the Jacobian matrix and to detect collisions between the robot and the environment. The same insertion input δ in is sent to both the catheter robot and its FE model.
The bending control strategy is implemented based on the equations in 2D space converted by the projection module. Both the catheter robot and its FE model are controlled to follow the same predefined trajectories (δ d and δ
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respectively). For the actuation of FE model, the control inputs and the contact forces are computed by solving a quadratic programming (QP) problem with a linear complementarity constraint. Using the decoupled strategy, the robot controller is designed without taking contacts into consideration, which aims to simplify the control design and to avoid the impacts of imprecise contact model. are the corresponding variables for the FE model. δ in is the insertion input for both the catheter robot and the FE model. Fig. 3 . Projection strategy for the catheter robot. The 3D position of the catheter tip in the global coordinate system OX Y Z is projected to be the 2D position in the local coordinate system P xyz. P is the nearest point on the desired trajectory to the catheter tip δ 3 D e . P x is the tangent vector for the trajectory at the point P . P y and P z are respectively the projection vector and the normal vector.
IV. DECOUPLED CONTROL
In this section, we introduce the design of the three components (Projection, FEM Controller and Robot Controller) needed for the decoupled control of catheter robots.
A. Projection Design
The projection component is used to decouple the insertion and the bending for the catheter robot. As shown in Fig. 3 , the movement of catheter robot is modeled in 3D space defined by the coordinate system OXY Z. To achieve the projection, the local coordinate system P xyz is computed at each step based on the 3D tip position and the predefined trajectory so that it moves with the insertion of catheter robot. After the projection process, the movement of catheter tip in 3D space is converted to the insertion along the tangent axis x and the bending movement in 2D plane defined by the normal axis z and the projection axis y.
We project the 3D equations (5), (6) and (7) on a moving 2D plane orthogonal to the tip direction. This projection provides equations for the control of the bending movement. 2 The algorithm for the projection component design is summarized in Algorithm 1. During the bending control design, the desired position of catheter tip is the nearest point P on the predefined (5), (6) and (7) to the plan P yz end trajectory. Then the 3D position error δ 3D e P is projected to a 2D vector in the plan P yz and its norm is minimized with the bending controller.
For the implementation of the bending control, both the FEM controller and the Robot controller are introduced in the following subsections.
B. FEM Controller Design
The object of this section is to design a closed-loop bending controller for the FE model so that the tip of the FE model δ e converges to its desired value δ d . 3 We employ the optimizationbased approach to compute the control inputs. The optimization problem can be defined as λ = arg min Γ (λ) where Γ (λ) is the objective function:
For the safe interaction with the environment, the contact force is constrained as 0 ≤ λ c ≤ λ c,m ax . Besides, the constraints of the control inputs should be also considered: λ a,m in ≤ λ a ≤ λ a,m ax where λ a,m in and λ a,m ax are chosen based on the physical limitation.
In order to solve the constrained optimization, the numerical optimization algorithm is necessary to be employed. In order to match the standard quadratic programming (QP) formulation for the usage of software packages [24] , (9) can be converted to In the following, we show a simplified method to solve the QP problem with LCP. 3 The variables in this subsection represent the variables for the FE model. However, we use the same variables for the real robot in Section IV.C. Then, the QP problem with a LCP (10) can be separated into two standard QP problems:
QP2 : min 
where
) and c 2 = c lcc . The QP problem (16) corresponds to the LCP.
Combining both (10) and (16), the QP problem with the LCP (10)can be converted into a standard QP problem without the LCP:
where Q = Q 1 + Q 2 and c = c 1 + c 2 with being the weight of the LCP.
For general problems, the parameter should be chosen as a large value to make sure that the LCP holds during the optimization. Unlike former solvers [25] , [26] , the proposed strategy has easier background, faster computation and can employ standard QP solvers to solve the problem of QP with the LCP. However, we make the assumption that the defined trajectory is always reachable. In practice, with assumption of static environment, we plan it off-line and make sure that it is always reachable by our robot. For the case with a reachable trajectory, the solution of (17) is equal to the solution of (10) if > 0 (The proof is presented as the appendix.).
C. Robot Controller Design
The quasi-static equations (5) and (6) can be converted as the discrete-time kinematic equations [9] (k is the timestep index): The white points are the feature points which are used for the calibration; (c) the cable-driven continuum catheter robot which has four step motors to actuate the bending and one step motor to control the insertion.
Combining (18) and (19), we have
is the Jacobian matrix of the catheter robot.
As shown in Section III, it is not necessary to consider the contact information for the the controller design. Therefore, the robot controller is designed for the bending control of catheter robot based on the kinematic equation (20) . It allows to control the position of catheter robot by changing the displacements of actuators.
By defining a new control vector U k = J a,k δ a,k , the kinematic model can be rewritten as δ e,k+1 = δ e,k + U k . The tracking error is defined as e k = δ e,k − δ d,k . In the task space, the control vector U k can be designed as:
where K P and K D are constant parameters for the proportional gain and differential gain, respectively. Then, the Pseudo-inverse based control allocation is employed to obtain a unique solution: (22) which is the minimum 2-norm solution of U k = J a,k δ a,k and u = δ a,k is the control input of the robot. Considering that the matrix J a,k has full row rank (There are more actuators than effectors in our experiment), the Pseudo-inverse matrix J
. Substituting (21) into the (22) , the control law can be written as:
Remark 2: Considering the contacts, the kinematic equation is written as δ e = J a λ a + J c λ c where J c is defined as the contact Jacobian matrix and the Jacobian matrix J a only depends on the robot shape. The kinematic equation can also be written as δ e = (J a + ω) λ a = J λ a where ω λ a = J c λ c . In the bending space, J is not inverted by the contacts. Therefore, based on the assumption that we have an accurate J a (accurate FE model of the robot shape), we can design the bending controller (20) . If the FE model has a lower accuracy, the condition for a stable loop using (23) is that the error of J a does not generate an inverted mapping of J a . Then, we can increase the robustness of the system by choosing a suitable control parameters [10] .
V. EXPERIMENT RESULTS USING DECOUPLED CONTROL
In this section, we first introduce the experimental setup for the validation of the proposed decoupled control strategy. Then, we show the experiment results of trajectory tracking and positioning for a cable-driven continuum catheter robot. Besides, we validate the collision detection and contact forces estimation by experiment using a soft rod. Finally, we test respectively the decoupled control with Jacobian matrix rotation and the trajectory tracking through a soft tube by simulation.
A. Experimental Setup
The experimental setup for the position control of a cabledriven catheter robot through contacts is shown in Fig. 4 . Three components are needed for the implementation of the experiments: a position tracking system (a), an obstacle to generate the contacts between catheter robot and its environment (b), and a continuum catheter robot (c).
The commercial electromagnetic tracking system is employed (Aurora by NDI company) with the sampling frequency 20 Hz and the sub-millimetric accuracy. A rigid tube (diameter 28 mm) is fixed with respect to the base of the catheter robot. For the calibration of coordinate systems between the Aurorat and the catheter robot, we choose two corresponding sets (seven points for each set) of keypoints defined for the rigid tube. The positions of the keypoints are measured respectively from the Aurora system and the FE model. Then, the transformation between two sets of points can be solved robustly using the Singular Value Decomposition (SVD) method.
The movement of catheter robot consists of bending and insertion. The bending is controlled by four cables using four step motors and the insertion is actuated using one step motor. The robot is a modified version in [18] . The structure of the catheter robot (diameter 7 mm) is made of polymer material which is MR-compatible and is manufactured using the rapid prototyping technique. Both the robot and the rigid tube are simulated in SOFA framework (a real-time FEM simulation software). The frequency of the simulation can reach to 50 Hz in our experiment (100 mesh nodes). The detail strategy for FEM modeling can be seen in [23] .
B. Trajectory Tracking Results
The central line of the tube is defined as the desired trajectory for the robot tip. The tracking performances are illustrated in Fig. 5 where both the desired trajectory and the catheter tip trajectory are projected to the XZ plane and XY plane. In our experiments, the desired trajectory consists of twice bending along the insertion direction. Three different speeds of insertion (For each case, the insertion speed is uniform.) are tested in the experiments. We choose the same control parameters for all cases, K P = 0.2 and K D = 0.002.
The tracking errors are defined as the distance between the catheter tip and its desired position. We compute the tracking error based on the positions on the bending plane. As shown in Fig. 6 , the average tracking error is around 0.3 mm when the desired trajectory is a straight line. However, the higher insertion speed deteriorates the tracking performances when there is a bending along the desired trajectory. The largest error increases to be 2 mm, 3.2 mm and 4.8 mm respectively for the insertion speeds 0.6 mm/s, 1.2 mm/s and 2.4 mm/s. The error increases with the increment of the insertion speed because the lower insertion speed allows longer time for the convergence of the tip position. For the application, the insertion is controlled manually and its speed should be lower when the catheter robot starts to bend.
C. Positioning Results
The positioning results are shown in Fig. 7 which includes two cases with different catheter length (60 mm and 166 mm). The tracking error converges faster when the length of catheter is shorter. For both cases, the positioning errors converge to a small bound (around 0.2 mm). Usually a longer length of catheter robot generates a larger convergence bound if there is no interaction with the environment. However, in our experiments, the contacts limit the deflection and therefore reduce the convergence bound.
D. Validation of Contact Forces Estimation
As shown in Fig. 8 , three experiments are designed to validate respectively the collision detection, the accuracy of FE model and the contact force computation. The collision is detected based on the relative positions between the contact and the soft rod. The contact positions are very close for both the FE model and the real system (see (a) and (b) in Fig. 8 ). The FE model Fig. 8 ((c) and (d) ). is tested using a 3D tube (see The computation of contact force is validated using the setup (e) and (f ) in Fig. 8 . The length of the soft rod is 210 mm and its Young's Modulus is 1.4 GPa. Nine groups of forces are measured and computed with different target tip positions and different contact points. The measured forces using a force sensor and the computed forces using the FE method are listed in Table I . The accuracy of contact force computation can reach to 97.1%.
The contact forces computed based on the FE model can be regarded as the approximation of the contact forces for the catheter robot. However, our contribution here is based on the assumption that the boundary conditions are fully and perfectly known. To simplify the experiment, we validate our method in the situation of single contact.
E. Simulation-Based Validation
The simulation-based validation allow to focus on the control algorithms themselves and can get rid of the sensor noise, imprecise modeling of robot and contacts. In this subsection, we first validate the decoupled control strategy to deal with the problem of the Jacobian matrix rotation. Then, we show the simulation result when the catheter robot interacts with a soft tube.
1) Control Strategy to Deal With the Rotation of Jacobian Matrix:
As shown in Fig. 10 , the catheter robot can be controlled from the initial configuration (a) to the finial configuration (b) with the decoupled control strategy. If the insertion and bending are coupled between each other, the Jacobian matrix is inverted during the movement. However, the decoupled control strategy can successfully avoid the problem of the Jacobian matrix rotation when the robot interacts with the contacts. 
2) Decoupled Control With Soft Tube:
The trajectory tracking can also be achieved when the catheter robot interacts with soft contacts. The decoupled control strategy is employed and validated using simulation which is shown in Fig. 11 . To estimate the Jacobian matrix and contact forces, both catheter robot and soft tube are modeled using FE method and are simulated in real-time.
VI. CONCLUSION
This work contributes to the position control of catheter robot in the constrained space. With the aim to provide safe insertion for the catheter robot, in this letter, a decoupled controller is designed and allows to control the bending and the insertion independently. The proposed strategy can achieve a stable position control and can avoid the problem of Jacobian matrix rotation. Besides, the decoupled control allows the surgeon to remain in direct control of the catheter insertion. As a benefit of the proposed method, the contact forces along the entire catheter robot can be computed without using force sensors. So, during the insertion, it is possible to provide to the surgeon a feedback on the force intensity applied on the entire catheter. A simplified method to compute quadratic programming problem with a linear complementarity problem is proposed in our work. The proposed strategy is general and the application is not limited for the cable-driven catheter robot. We perform some experiments and some simulations to test our methods. In the following, we address the main limitations of this work, possible solutions and future works.
To estimate the contact forces, we need the assumption that we have an accurate model of the contact and the catheter robot. However, it is very difficult to always fulfill this assumption in complex situation of real applications. When the contact objects are not modeled well, the registration method for deformation structures [27] could be employed to improve the accuracy of FE model. Besides, to make the tracking error as small as possible, the insertion speed should be limited in a small value. When the catheter robot starts to bend, the tracking error increases and needs relatively longer time to converge. Instead of limiting the insertion speed in a quite small range, we could use adaptive control parameters for the control law to increase the convergence speed.
In the future, we would also like to explore the hybrid force and position control for the catheter robot and improve the control system by registration of both contacts and catheter robot with their FE models. Finally, the proposed techniques should be validated in vivo.
APPENDIX
It is assumed that F 1 , F 2 , F 3 , and F 4 are the minimum value of objective functions for (10) , (15), (16) and (17), respectively. λ 1 , λ 2 , λ 3 and λ 4 are respectively the solution of QP problems (10), (15) , (16) and (17), respectively. Then, a corollary about the proposed approach is provided as follows:
Corollary: If the desired position is reachable (the solution of (9) is zero), the solution of (17) is equal to the solution of (10) .
Proof: The proof consists of two steps:
Step 1: λ 1 is the solution of the QP problem (17) . Step 2: λ 4 is the solution of the QP problem (10) . Because the objective function (17) is the sum of (15) and (16) and have a more strict constraint, we have the conclusion that 4 . Therefore, λ 4 is a solution to make (10) reach the minimum value and make (12) hold. Then, we can conclude that λ 1 = λ 4 is the solution of the QP problem (10) .
